This paper has a twofold purpose. The first is to compute the Euler characteristics of hyperbolic Coxeter groups W S of level 1 or 2 by a mixture of theoretical and computer aided methods. For groups of level 1 and odd values of jSj, the Euler characteristic is related to the volume of the fundamental region of W S in hyperbolic space. Secondly we note two methods of imbedding such groups in each other. This reduces the amount of computation needed to determine the Euler characteristics and also reduces the number of essentially different hyperbolic groups that need to be considered.
Introduction
The Euler characteristic of a Coxeter group W S was defined by Serre, who gave an inductive formula [13, p. 110] for its computation. More recently, Chiswell [4, Proposition 3] has derived the explicit formula
. 1/ jX j =jW X j; (0.1) where the summation extends over all subsets X of S for which W X is finite.
A crucial property of Euler characteristics is that
whenever H is a subgroup of finite index in G. It follows in particular that .W S / D 1=jW S j for finite W S . c 1998 Australian Mathematical Society 0263-6115/98 $A2.00 + 0.00
After preliminary discussion in Section 1, we show in Section 2 that .W S / D 0 for affine W S and then find, with the help of a Mathematica program, the Euler characteristics of 'hyperbolic' Coxeter groups in the sense of [7, 6.8] , as well as of 'hyperbolic groups of level 2' in the sense of [11] . The numerical results are shown in Section 5.
It frequently happens that a Coxeter group W S 0 can be naturally imbedded as a subgroup of finite index in another Coxeter group W S . The value of .W S 0 / then follows from (0.2). In Section 3, we describe two types of such imbeddings, some of which were observed earlier by the author in [11] .
Finally we note in Section 4 that, for hyperbolic Coxeter groups, the volume of a fundamental region C of W S in hyperbolic space H n is given by
whenever jSj D n C 1 is odd (¦ n is the volume of the sphere S n ). For even values of jSj, .W S / D 0 and gives no information about vol.C/.
Earlier computations of vol.C/ were made by Meyerhoff [12] for jSj D 4. These can be considerably shortened by using the fact that
whenever W S 0 is imbedded in W S . We have checked that the calculations of [12] conform with equation (0.4) and list the volumes again in Table 1 .
For jSj D 6, Kellerhals [10] has obtained an exact formula in one case, shown in Table 1 . Using (0.4), we can deduce the volumes for related groups, two of which were also found in [10] . In addition, Kellerhals [9] has computed the volumes for 'orthoschemes', classified earlier by Im Hof [8] , when jSj is odd. In view of (0.3), this amounts to finding their Euler characteristics. We have checked her values and found different answers in four cases. The second last graph on [9, p. 206 ] has a volume of 61³ 2 =10800, the second and seventh graphs from the top of page 209 have volumes of ³ 3 =259200 and ³ 3 =12960 respectively, while the last graph on page 210 has a volume of 17³ 4 =43545600. The author would like to express his gratitude to M. Cherkasoff for an independent computer verification of some of the numerical results.
The Schläfli space
In this section, we establish certain combinatorial formulas whose origins lie in the work of Schläfli [1, 5.2] on volumes of simplices. When applicable, these formulas are helpful in reducing the amount of computation needed to find .W S /.
Let 0 be a finite graph and K a simplicial complex of subsets of 0. We denote by K .X/ the complex consisting of all proper subsets of a set X ² 0. If X 1 , X 2 are disjoint subsets of 0 such that no element of X 1 is adjacent to an element of X 2 , the union of X 1 and X 2 is written as X 1 t X 2 . We also use this notation to indicate that X 1 and X 2 have this property.
The Schläfli space S.K/ of K is the real vector space spanned by elements [X], for X 2 K , subject to the relations:
A real-valued function on K is a Schläfli function if it has the following properties:
It follows that .fxg/ D 1=2 for all x 2 0. For example, the function
always enjoys these properties. A Schläfli function has the same value on both sides of (1.1) and can therefore be extended to a linear function on S.K/. We call
the Euler characteristic of . Our aim is to find shorter formulas for E, in order to simplify the calculation of .E/.
Suppose
We can then construct the element
Let fa k g be the sequence of numbers defined by a 1 D 1 and [4] PROOF. The recursion formula implies that
On the other hand, starting from the equation
substituting 2t for t and subtracting, we obtain
In particular, E.A; X/ D 0 if jXj is even. 
by (1.5), which is equal to 0 if jXj is even.
PROOF. Take A D ; and X D 0 in Proposition 1.2.
For special graphs 0, one can further simplify this formula by using
PROOF. We have X
which is equal to
Summing over p, we obtain the desired result. where 
Euler characteristics of Coxeter groups
where N is the length of the element of largest length in W X , enables one to calculate W X .t/ by induction on jXj. In particular, it follows that W X .t/ is a rational function of t, whose complex zeros are roots of unity other than t D 1; therefore 1=W X .1/ is a finite number.
When jXj is odd and W X is finite, taking t D 1 in (2.1) shows that X
On the other hand, if W X is finite and X D X 1 t X 2 , then W X is a direct product of W X1 and W X2 , so that 1=jW
These equations imply that In [5] , Coxeter gives a heuristic argument for this result and point out that it allows an inductive computation of the order of a finite Weyl group W Z for both even and odd values of jZ j.
In [11] , we have defined 0 to be of level Ä l if the deletion of any l vertices from 0 leaves the graph of a finite or an affine Coxeter group. If 0 is not also of level Ä l 1, then l is called the level of W S .
Groups of level 1 are the hyperbolic Coxeter groups in the sense of [7, 6 .8]; they exist only for 3 Ä jSj Ä 10. We extend to a function N on K .0/ by letting N .X/ D 0 whenever W X is of affine type. It follows from Proposition 2.1 that N remains a Schläfli function. Therefore .W S / can be computed as the Euler characteristic of N by one of the formulas in Section 1; the results are listed in Table 1 
Groups of level 2 exist only for 4 Ä jSj Ä 11 and are described in [11] . They are also 'hyperbolic' in the sense that the standard bilinear form associated to W S is of signature .jSj 1; 1/. In this case, we extend to K .0/ by defining, in addition, 
Imbeddings of Coxeter groups
Suppose that a Coxeter group W S 0 is imbedded as a subgroup of finite index in another Coxeter group W S . It follows from equation (0.2) that either
and is equal to the index of W S 0 in W S .
The following two results describe some standard ways of constructing imbeddings of Coxeter groups. Table 1 shows all the resulting imbeddings for groups of level 1.
(Some of these were observed earlier by the author in [11] .) In particular, we see that these groups fall into a relatively small number of commensurability classes. The index of W S 0 in W S is equal to n C 1.
Volumes of fundamental regions
Let S n be the unit sphere in R nC1 . The volume ¦ n of S n is equal to n . When jSj is odd, the volume of C is given by
(See [6] for a recent history of this formula.) This explains why the sign of .W S / must be as described in Proposition 2.2. However, if jSj is even, the Euler characteristic of W S is zero and gives no information on the volume of C. The imbeddings of Coxeter groups shown in Table 1 at least reduce the number of cases to be considered, because of equation (0.4).
For groups of level 2, the fundamental region C is not contained in H n and there is no concept of 'volume', so that the significance of Proposition 2.3 remains unclear. However, such groups are related in [11] to packings of Euclidean space by unequal spheres.
The tables
The subgroup relations for groups of level 1 obtained by methods of Section 3 are shown in Table 1 . For each value of jSj, the groups are numbered in the same order as in Section 6.9 of [7] , by going down the first column and then (for jSj D 4; 6) down the second. (The table in [7] actually contains an error: group number 12 for jSj D 5 should have one of its edges marked by 4.) Notation such as m ! k n means that group number m is a subgroup of group number n of index k. A group not involved in subgroup relations is mentioned as a single number n.
Since .W S / is, for these groups, a small rational number, it is convenient to scale it by a factor d jSj given by Table 1 for the largest group in a commensurability class and can be deduced for the others by using equation (0.2). For even values of jSj, we show instead the known volumes of the fundamental region C, taken from [10] and [12] . The letter L denotes the Lobachevsky function. Table 2 gives the value of 0 .W S / for groups of level 2 when jSj > 4. The groups are taken in the same sequence as in [11, 
